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� Economic growth needs three factors of production.

� We propose a semi-parametric generalised production function.
� Exploitation of inexpensive fossil fuel resources has profound policy implications.
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a b s t r a c t

We show that the application of flexible semi-parametric statistical techniques enables significant
improvements in model fitting of macroeconomic models. As applied to the explanation of the past
economic growth (since 1900) in US, UK and Japan, the new results demonstrate quite conclusively the
non-linear relationships between capital, labour and useful energy with economic growth. They also
indicate that output elasticities of capital, labour and useful energy are extremely variable over time. We
suggest that these results confirm the economic intuition that growth since the industrial revolution has
been driven largely by declining energy costs due to the discovery and exploitation of relatively
inexpensive fossil fuel resources. Implications for the 21st century, which are also discussed briefly by
exploring the implications of an ACEGES-based scenario of oil production, are as follows: (a) the
provision of adequate and affordable quantities of useful energy as a pre-condition for economic growth
and (b) the design of energy systems as ‘technology incubators’ for a prosperous 21st century.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

The standard (Solow) model and the neoclassical theory of
economic growth assume that there are only two important
‘factors of production’ and that energy and other natural resource
inputs contribute very little to the economy, because of their
negligible role in the national accounts. This contradicts economic
intuition. Economic history suggests that increasing natural
resource flows have always been a major factor of production, at
least since the large scale exploitation of coal resources in the 18th
century. Declining costs of energy – in relation to the rising wages
of labour – have induced ever-increasing substitution of machine-
work (activated by fossil fuels) for human labour (activated by
consumption of grains or fruit). This long-term substitution has
ll rights reserved.
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evidently been a key driver of economic growth [see also Allen,
2009; Wrigley, 2010, for broadly similar discussions].

The ‘real’ economy can be thought of as an evolving materials-
processing system. The system consists of processing stages,
starting with extraction, conversion of energy into useful energy,
production of finished goods and services, final consumption and
disposal of wastes. An adequate description of the economic
system must include materials and energy flows as well as
money flows.

These flows and conversion processes are governed by the laws
of thermodynamics. At each stage, until the last (consumption),
mass-exergy (maximum work performed by energy) flows are
split into (i) useful energy and (ii) waste energy categories. Value is
added to the useful energy flows, reducing their entropy content
and increasing their exergy content per unit mass (thanks to
exogenous inputs of exergy), while the high entropy (low exergy)
wastes are returned to the environment. The important point here
is that to properly explore the importance of energy in terms of
powering economic growth one should use measures of useful
energy rather than measures of energy flows or energy carriers
such as barrels of oil.
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In view of the assumption by most economists that energy is
not a factor of production, the association between primary energy
consumption and gross domestic product (GDP) suggests that
global energy production is driven by global energy demand,
which is driven by global GDP (see Fig. 1). In other words, it is
assumed that there are no supply constraints. For purposes of
forecasting future energy needs, it follows that a GDP growth
forecast, together with a forecast of price and income elasticities,
should be sufficient. This is exactly the methodology normally
employed in the computable general equilibrium (CGE) models
used by the Paris-based IEA (International Energy Agency), the US
EIA (Energy Information Administration) and the IMF (Interna-
tional Monetary Fund).

The simplest Cobb–Douglas production function (of capital and
labour) takes the following mathematical form:

Yt ¼ AtK
α
t L

β
t ð1Þ

where Yt is the GDP, Kt is the stock of capital and Lt is the stock of
labour, while parameters α and β are constants. Following Solow
(1956, 1957), At has been interpreted as the effect of ‘technical
progress’ (now called total factor productivity – TFP), which
effectively captures the ‘unexplained rest’ (or the total economic
output not caused by capital and labour).

Eq. (1) may also assume that αþ β¼ 1 in order to assure
constant returns to scale – doubling capital and labour will also
double economic output. Eq. (1) has the convenient mathematical
property that output elasticities (logarithmic derivatives) of the
two factors of production Kt and Lt are just the constants α and β.
Therefore, if we assume perfect competition and α þ β¼ 1, α and β
can be shown to be labour and capital's (constant) share of
economic output respectively.

A theorem taught in macro-economic textbooks postulates a
simple economy consisting of many small (price-taking) compet-
ing firms producing a single product – such as GDP – from rented
capital and rented labour (which are freely substitutable). Then
the equilibrium or profit maximising condition requires that total
factor requirements must be determined by the marginal produc-
tivities of labour and capital. The marginal productivities are the
wage rate and the profit rate. Hence, the total payments to labour
must be equal to the wage rate times the quantity of labour
employed and the total payments to capital must be equal to the
profit rate times the quantity of capital employed. In short, the
output elasticity of each production factor Kt and Lt must be equal
to its cost share in the economic output Yt, which is equal to the
sum total of wages and profits, respectively.

Using standard data series for labour and capital, as Solow did
in his early work, explains only a small fraction (ca. 15%) of
economic growth. The usual approach is to assume a convenient
Fig. 1. World TPER versus GDP PPP 1850–2002.
Source: Bourdaire, “Drivers of the Energy Scene”, World Energy Council Report 2003. Gr
exponential form for At, with a constant annual growth rate of
around 2% per annum. This implies that economic growth in the
future can be assumed to continue, as in the past. This leaves most
of the economic growth on the order of 85%, unexplained.
A considerable amount of research effort has been expended on
trying to reduce the unexplained residual At by introducing quality
adjustments to labour and capital. Certainly education and
increasing literacy (and numeracy) would be a quality adjustment
for labour, while technical performance improvements should also
be taken into account for capital goods. Unfortunately none of the
proposed adjustments suffice to explain the missing driver.

As an alternative to quality adjustments, we replace the
exogenous multiplier At by including a third factor of production.
Useful energy is not perfectly substitutable for the other two
production factors. In effect, we exclude the possibility of produ-
cing output from capital alone, or from labour alone, or from
useful energy alone. While none of the three factors are a perfect
substitute for either of the others, some substitution is possible at
the margin. But the range of substitutability is quite limited in
reality.

The standard Euler–Lagrange optimization procedure, subject
to a mathematical constraint on the possible relationships among
the factors, introduces the so-called Lagrange multipliers, i.e.
‘shadow prices’ of the constraints. If the constraints are not
binding, the shadow prices will be zero, in which case the cost
share theorem will still hold as if there were no constraints. But
what if substitutability between the factors is much more limited
than most economists assume? If this is so then the output
elasticity of useful energy must be much larger than its cost share
(as normally calculated as revenues of energy companies).

If the output elasticity of useful energy is greater than its cost
share, it follows that energy is really more productive than its price
suggests. In other words, useful energy is under-priced. In that case,
the optimum (profit-maximizing) consumption of useful energy in
the economy is actually larger than current consumption. Can this
possibly be true? Most economists will say ‘no’ because otherwise
the traditional cost-share theorem must be discarded.

In fact, there is plenty of empirical evidence that firms actually
use too much useful energy, rather than too little (this is consistent
with under-pricing). Firms consistently neglect cost-saving invest-
ments in energy conservation, with very high returns, in favour of
investments in marketing, new products or capacity expansion.
Governments and consumers behave in roughly the same way,
preferring to spend on current consumption rather than invest-
ment in future cost savings. However, the fact that many firms use
more useful energy than they could does not mean that the
national economy could not be more productive (by using more
capital and less labour where substitution is possible).
aph I-1. Data from A. Maddison and O. Rech.
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Does this mean that useful energy can be neglected as a factor
of production? We think not. Instead, we argue below that
economic activity – and growth – cannot occur without useful
energy Et. Given that the “useful energy return” on “useful energy
investment” is declining, policy implications are profound for a
sustainable economic growth during the 21st century.

Following Ayres and Warr (2009) and Hall and Klitgaard (2012),
we explore the importance of the flow of useful energy in
supporting the economic growth of US, UK and Japan during the
20th century using modern tools of statistical inference. As
explained above, we take useful energy to be an important
production factor. Given the importance of fossil fuels to fuel
economic activities with useful energy during the 20th century,
we use the ACEGES tool, first proposed by Voudouris (2011) and
demonstrated by Voudouris et al. (2012), to explore briefly the
implications of oil (and gas) production outlook to fuel (and
power) economic growth during the 21st century.
2. An alternative perspective on production functions

To summarise, we postulate that useful energy is really a factor
of production as fundamental as capital or labour. Hence, we
postulate a production function like Eq. (1) but with three factors
of production. Furthermore, Eq. (1) is also in need for another
modification, because the coefficients of the production factors
need not be constant over time. Therefore, we propose a general-
isation of the expected production function in Eq. (1) as follows
(the full specification of the proposed production function is given
in Section 3):

yt ¼ f mðktÞ þ f mðltÞ þ f mðetÞ þ ut ð2Þ
where yt ¼ logðYtÞ, kt ¼ logðKtÞ, lt ¼ logðLtÞ, et ¼ logðEtÞ and ut
follows a parametric probability distribution. The usual practice
is to assume the two-parameter normal (Gaussian) distribution.
One could also introduce a three-parameter (e.g., t-family) dis-
tribution or even a four parameter distribution, to capture the
unexplained component of growth.

The function f mð � Þ, where m¼ 1;2;3, in Eq. (2) is a non-
parametric smoothing function to represent flexibly the relation-
ship between the production factors (kt, lt and et) and economic
output yt (see Fig. 11, which shows in the top row the relationship
between the expected GDP and the three production factors, for an
example). The model of Eq. (2) allows for rather flexible specifica-
tion of the dependence of the response yt on the covariates (kt, lt,
et), but by specifying the model only in terms of ‘smooth
functions’, rather than detailed parametric relationships, it is
possible to avoid the sort of cumbersome and unwieldy models
of conventional production functions.

Clearly, this flexibility and convenience comes at the cost of
two new theoretical problems. It is necessary for both to represent
the smooth functions in some way and to choose how smooth they
should be. To avoid obscuring the basic simplicity of the approach
with a mass of technical detail, it is sufficient to say that a
‘smoothing function’ can be represented by choosing a basis,
defining the space of functions of which f mð � Þ is an element.
Choosing a basis amounts to choosing some basis functions, which
will be treated as completely known. The f mð � Þ might be the sum
of the product of the known basis functions and a set of unknown
parameters. By keeping the basis fixed, we can control the
smoothness by adding a ‘wiggliness’ penalty to the least squares
fitting objective where the sum of the second derivatives of the
unknown parameters measures the wiggliness of the function.
Thus, a smoothing function is made up of two main components,
namely (i) the fidelity component (least squares) and (ii) the
smoothing penalty to control the wiggliness of the function
[see Wood, 2006, Chapters 3 and 4, for details]. Hereafter, the
function f mð � Þ is a non-parametric ‘smoothing’ function deter-
mined from the data, such as the P-splines of Eilers and Marx
(1996). Each f mð � Þ represents the relationship – holding the other
variables constant – between the production factors (kt, lt and et)
and the economic output yt.

In the rest of this paper we estimate Eq. (2) using the GAMLSS
(Generalised Additive Models for Location Scale and Shape)
statistical framework first proposed by Rigby and Stasinopoulos
(2005). Methodologically, the work presented is consistent with
the work of Haavelmo (1943, 1944) in terms of employing modern
econometric theories and techniques to link the theory of eco-
nomic growth to actual data. However, in this paper we do not
postulate explicit functional relationships, as is usual. Instead we
apply modern statistical tools that can (i) accommodate non-
parametric functional relationships, such as f mðktÞ, for the analysis
of interrelations between economic variables and (ii) use flexible
parametric distributions to capture the stochastic nature of eco-
nomic systems. In effect, we use flexible probability models as a
basis for economic research.
3. Generalised production function

From the outset, we note that we do not justify introducing the
generalised production function by calling on sophisticated theo-
rems of aggregation. Instead, we will first explain what we have in
mind mathematically. Then we use modern econometric tools that
allow the data to guide our judgement in proposing a generalised
production function. We hope that the empirically based produc-
tion function provides some notion in the way a detailed theore-
tical analysis would lead.

If Yi, for i¼ 1;2;…;n observations, represents economic output
with probability density function f Y ðyijθiÞ conditional on
θi ¼ ðθ1i; θ2i; θ3i; θ4iÞ ¼ ðμi; si; νi; τiÞ a vector of four distribution para-
meters, each of which can be a function to the three production
factors: K the capital input, L the labour input and E the useful
energy input. The full specification of the generalised (aggregate)
production function can be written as (the subscript t and
the (optional) intercept ak have been dropped to simplify the
notation):

Yjðμ; s; ν; τÞ∼Dðμ; s; ν; τÞ;
g1ðμÞ ¼ f m1

ðKÞ þ f m1
ðLÞ þ f m1

ðEÞ;
g2ðsÞ ¼ f m2

ðKÞ þ f m2
ðLÞ þ f m2

ðEÞ;
g3ðνÞ ¼ f m3

ðKÞ þ f m3
ðLÞ þ f m3

ðEÞ;
g4ðτÞ ¼ f m4

ðKÞ þ f m4
ðLÞ þ f m4

ðEÞ; ð3Þ

where D represents the distribution of Y. For k¼ 1;2;3;4, let gkð � Þ
be a known monotonic link function (e.g., log function) relating
the distribution parameter to the three production factors (e.g., log
(sÞ ¼ f m2

ðKÞ þ f m2
ðLÞ þ f m2

ðEÞ). For k¼ 1;2;3;4 and m¼ 1;2;3, f mk

ð � Þ represents a non-parametric function of any of the three
production factors of any of the four distribution parameters.

Thus, Eq. (3) is a full specification of Eq. (2) (which only shows
the non-parametric functional relationship of the three production
factors with the distribution parameter μ) and a generalisation of
Eq. (1) (which models the distribution parameter μ as an exact and
linear relationship of the two production factors K, L by assuming
D to be the normal (Gaussian) distribution of errors – deviations
between model predictions and observational data points). The
formulation in Eq. (3) can be thought of as a generalised Cobb–
Douglas production function. An alternative form of production
function, comparable to the LINEX function (Kummel et al., 2002),
might be obtained by replacing K, L and E with the ratios K=L, E=L
and E=K respectively.
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Eq. (3) follows the flexible specification of the GAMLSS statis-
tical framework. The GAMLSS statistical framework relaxes the
assumption that D is necessarily the Gaussian distribution (or an
exponential family distribution). On the contrary, it allows for a
distribution that may vary as a function of the explanatory
variables such as K, L and E. This has important implications for
better reflecting the dynamic nature of economic systems. Further-
more, the systematic part of the model is expanded to allow
modelling not only of the standard distribution parameter μ
(mean) but other parameters of the distribution of Y as linear
and/or non-linear, parametric and/or smooth non-parametric
functions (see Rigby and Stasinopoulos, 2005; Voudouris et al.,
2012).

As an example, suppose that D in Eq. (3) is the normal
distribution (with mu.link¼ ‘identity’ and sigma.link¼ ‘log’). Let
the distribution parameters μ and s be the mean and standard
deviation of Y respectively. If we were only interested to model as
a linear function of K and L, then Eq. (3) reduces to (using log of the
Fig. 2. (A) Linear production function of US GDP

Fig. 3. Dynamics of log capital a
Y, K and L):

yjðμ; sÞ∼Normalðμ; sÞ;
μ¼ a1 þ kþ l
logðsÞ ¼ constant: ð4Þ

Fig. 2(A) shows the fitted C–D model for US with two variables
(capital and labour) as described by Eq. (4). Fig. 2(B) shows the
residuals of the model. Effectively, Eq. (4) is Eq. (1) because A is
captured by the intercept a1 of the distribution parameter μ.

The fitted values (with standard errors) of the distribution
parameter μ for the model described by Eq. (4) are shown in Fig. 3.
Note that s is 0.0898. Effectively, Fig. 3 shows that the higher the
(log of ) capital stock (capital), with L being fixed, the higher the
expected (log of) GDP. Clearly, the effect of increasing capital stock
K is more important than the effect of increasing the labour supply
(the slope of the capital is steeper compared with the slope of the
labour). This suggests that the output elasticity of capital is
considerably greater than the output elasticity of the labour.
with capital and labour and (B) residuals.

nd labour of fitted model 4.
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The model of Eq. (4) can be improved by modelling both μ and
s as non-parametric functions of capital and labour:

yjðμ; sÞ∼Normalðμ; sÞ;
μ¼ a1 þ f m1

ðkÞ þ f m1
ðlÞ

logðsÞ ¼ a2 þ f m2
ðkÞ þ f m2

ðlÞ; ð5Þ

The results are shown in Figs. 4 and 5. Note the substantial
improvement in the fit from about 1950 onwards. Note also the
non-parametric functional form for capital while functional form
for labour is almost linear.

3.1. Model selection

Here we follow the model selection process proposed by
Voudouris et al. (2012) in order to select the distribution, produc-
tion factors and the smoothing penalty of the model of Eq. (3).
Fig. 4. (A) Non-parametric production function of US G

Fig. 5. Dynamics of log capital a
In particular, we use the Generalised Akaike Information Criterion
(GAIC) as a measure of ‘goodness of fit’ of a model. The
GAICðcÞ ¼�2� ℓ þ c � edf , where ℓ is the log-likelihood function of
the model and edf are the effective degrees of freedom of a fitted
model (the dimension of the vector of model parameters). It is
important to note that the Akaike information criterion (AIC), pro-
posed by Akaike (1974), and the Schwarz Bayesian criterion (SBC),
proposed by Schwarz (1978), are special cases of the GAIC(c) corre-
sponding to c¼2 and c¼ logðnÞ, respectively. Hence, the model with
the lowest GAIC is selected. This is because the two criteria, AIC and
SBC, are asymptotically justified as predicting the degree of fit in a new
data set, that is, approximations to the average predictive error.

The diagnostic stage of model selection also involves the use of
worm plots (van Buuren and Fredriks, 2001) to select the model terms
(capital, labour and useful energy). Worm plots are in effect de-
trended normal QQ plots of the quantile residuals (z-scores). The
worm plot allows the detection of inadequacies in the model globally
DP with capital and labour and (B) residuals.

nd labour of fitted model 5.
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or within a specific range of an explanatory variable. To aid the
interpretation of the worm plots, Table 1 interprets the different
shapes for the worm plots.

Hence, we formally test models (4) and (5) as special cases of
the generalised production function in model 3. Both the AIC and
SBC suggest that model 5 should be selected rather than model 4
(the conventional production function). The same conclusions are
also drawn from the worm plots of Figs. 6 and 7. In particular,
Fig. 6 shows that model 4 is highly problematic in capturing the
dynamics of the US economy because the standard deviation of Y
is not captured properly. Fig. 7 clearly shows that model 5 is
relatively adequate in capturing the dynamics of the US economic
growth during the 20th century.

Before we conclude that non-parametric functional forms of
capital and labour are all that is needed, proper tools of statistical
inference should be able to address the following questions in the
search for a flexible model for a generalised production function
capable of capturing the dynamics of economic growth over
different time periods and/or for different countries:
�
 Is the assumption of normal distribution appropriate?

�
 Is the combination of capital and labour the best combination

of production factors to explain the dynamics of GDP?
Table 1
The different shapes for the worm plots (first column)
column) and the model response variable (third colum

Shape of worm plot Residuals

Level: below the origin Mean too small
Level: above the origin Mean too large
Line: negative slope Variance too sm
Line: positive slope Variance too larg
U-shape Positive skewne
Inverted U-shape Negative skewne
S-shape with left bent up Platykurtosis
S-shape with left bent down Leptokurtosis

Fig. 6. Worm plot of resid
�
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e
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What about the combination of capital and useful energy?

�
 What about the combination of capital, useful energy and

labour?

�
 Is model 5 flexible enough to capture the dynamics of other

economies such as UK and Japan?

Following Haavelmo (1943, 1944) and Mandelbrot (1963), we
argue that an economic model should be flexible enough to bring a
degree of order and understanding at different time periods and
for different countries.

Therefore, we demonstrate in Section 4, following, that both
the assumption of the normal distribution and the inclusion of
useful energy as a factor of production are important. One kind of
evidence is that they allow us to formulate a flexible model that
can capture the historical dynamics of the US, UK and Japanese
economies with a high degree of precision.

An important caveat for the results present below is that the
flexible model proposed in Section 4 suggests that the distribution
parameter τ of the model of Eq. (3) is not needed. However, we
have included the full specification of the model of Eq. (3) as the
extra flexibility might be needed when additional countries and/or
different time periods are modelled, particularly when large
rpreted with respect to the residuals (second

Response variable

Mean too large
Mean too small
Variance too large
Variance too small
Skewness too high
Skewness too low
Kurtosis too high (i.e. tails too heavy)
Kurtosis too low (i.e. tails too light)

of fitted model 4.



Fig. 7. Worm plot of residuals of fitted model 5.
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‘jumps’ of economic output have occurred. We leave the modelling
of additional countries and/or time periods for future work.
4. Empirical results: US, UK and Japan

4.1. Data

Fig. 8 shows the historical GDP (using 1900 as the base year) for
UK, Japan and US. It is clear that all three economies experience
rapid economic growth during the 20th century with notable
economic contractions. Japan seems to experience a smoother
(compared with US and UK) pathway towards economic growth.

Fig. 9 clearly shows profound increase of stock of capital and
use of useful energy. The substantial increase of use energy for US
is notable. Therefore, Figs. 8 and 9 collectively suggest the
expectation that capital and useful energy are likely to be reason-
able factors of production. It seems that the rapid growth of capital
was preceded by an increase in the use of useful energy. This
implies that the availability of useful energy is important in order
to increase the stock of capital within an economy. It also suggests
that the exploitation of useful energy might act as a ‘technology
incubator’. When the growth of capital process gets a momentum,
energy efficiency causes a divergence between growth of capital
and use of useful energy (for the UK and Japan). Energy efficiency
seems not to characterise the US economy during the 20th
century.

It is also important to note that visual inspection suggests that
the relationship between the three factors of production and the
GDP is likely to be nonlinear. This expectation is empirically
explored formally in Section 4.2 using the generalised production
function of Eq. (3).

4.2. Explaining the economic growth of US, UK and Japan

Given the three production factors and a set of plausible
distributions, the t-family distribution has been selected as the
best conditional distribution to capture the error terms of the GDP
for UK, Japan and US. In particular, the model that best charac-
terises the dynamics of the GDP for UK, Japan and US is (the
subscript t has been dropped to simplify the notation):

Yjðμ; s; νÞ∼TFðμ; s; νÞ;
μ¼ a1 þ pbðKÞ þ pbðLÞ þ pbðEÞ;
logðsÞ ¼ a2 þ pbðKÞ þ pbðLÞ þ pbðEÞ;
logðνÞ ¼ a3 þ pbðKÞ þ pbðLÞ þ pbðEÞ; ð6Þ

where μ is the mean of y (the GDP index), s is the standard
deviation of y while ν controls the tails of the t family distribution.
Furthermore, pb is the P-splines of Eilers and Marx (1996), while K
is the index (with base year 1900) of capital, L is the index (with
base year 1900) of labour and E is the index (with base year 1900)
of useful energy. Note that ak is the intercept for the distribution
parameters μ, s and ν.

As discussed in Section 3.1, we used the model selection
process suggested by Voudouris et al. (2012). Thus, from a large
set of competing distributions and three model terms (productions
factors), we selected the t family distribution and the regression-
type models for the distribution parameters shown in Eq. (6).

United Kingdom: Fig. 10 shows the observational GDP growth
(solid black line), the fitted GDP growth of the conventional
production function of Eq. (4) (dotted red line) and the fitted
GDP growth of the proposed generalised production function
(dashed blue line) of Eq. (6). It is clear that the generalised
production function fits the data much better – thus it better
describes the dynamics of the UK GDP growth. From this we can
argue that useful energy is an important production factor – if
useful energy was not important, the dotted red line and the
dashed blue lines will coincide. Having said that an argument can
be made that the inclusion of useful energy improves the fit
because the model of Eq. (6) includes additional explanatory
variables. However, using the model selection approach of
Voudouris et al. (2012), we penalise the models with higher
effective degrees of freedom (larger number of explanatory
variables).



Fig. 9. Capital (solid line), labour (dashed line) and useful energy (dotted line).

Fig. 8. GDP of UK, Japan and US.
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Fig. 11 shows that capital and useful energy have a positive
effect on the expected GDP (top row). The higher the capital and
useful energy the higher the expected GDP. The relationship
between labour and GDP is not linear. Although, the overall
relationship has a positive slope, it is clear that the slope is not
constant. For example, we observe that from about 1995 onwards
(labour index value of 1.11) the positive effect of Labour on GDP
becomes less important (for fixed values of capital and useful
energy).
The middle row of Fig. 11 shows that the stock of capital in the
UK increases the economic volatility (as measured by the standard
deviation – the distribution parameter s) decreases while the
consumption of useful energy increases the economic
volatility. Labour exhibits a nonlinear relationship that seems to
have moderate impact (most of the period) on economic
volatility.

The bottom row of Fig. 11 graphically shows that the effect of
capital, useful energy and labour on the probability of extreme



Fig. 10. UK GDP (see text for details). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. Dynamics (with standard errors) of UK generalised production function distribution parameters μ (top row), s (middle row) and ν (bottom row). Note: the relative
importance of the three production factors is assessed by evaluating the scale of the y-axis for capital, useful energy and labour (e.g., capital is the most important factor of
production with the y-axis range between �1 and 3).
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events as the ν parameter of the t family distribution controls the
degrees of freedom of the distribution. It is clear that increasing
stock of capital leads to lower probability of economic jumps while
useful energy has the opposite effect. Increased level of labour has
a moderate effect in reducing the probability of economic jumps.

By analysing the (partial) effects of the three production factor on
the distribution parameters of the UK model, we observe that
increased stock of capital reduces both economic volatility and the
probability of economic jumps while useful energy has the opposite
effect, despite the fact that both capital and useful energy has a
positive effect on the expected level of GDP. One explanation might
have to do with the availability and cost of useful energy to power
the UK economy during the 20th century. In other words, because
the availability of cheap and abundant energy resources is inter-
rupted by periods of energy insecurity and higher costs, useful
energy tends to increase both economic volatility and the probability
of economic jumps. If this interpretation is valid, then there are
significant implications for economic prosperity in UK during the
21st century given that the relatively ‘cheap’ domestically produces
fossil fuel resources (which powered most of the UK economic
growth during the 20th century) in UK are in decline.
Japan: Fig. 12 shows the observable GDP growth (solid black
line), the fitted GDP growth of the conventional production
function of Eq. (4) (dotted red line) and the fitted GDP growth of
the proposed generalised production function (dashed blue line)
of Eq. (6). It is clear that the generalised production function fits
the data much better – thus it better describes the dynamics of the
Japan GDP growth. In fact, the conventional production function of
Eq. (4) is particularly poor as it overestimates and underestimates
the observable GDP growth, notable in the period between 1940
and 1970. During the period of 1940–1970, the Japanese economy
experienced a substantial increase in the consumption of energy
resources as shown by the dotted line in Fig. 9. This is a clear
evidence of the significance of useful energy as a production factor.

Fig. 13 shows that capital and useful energy have a positive
effect on the expected GDP (top row). The rapid positive effect of
labour from about 1968 onwards is noticeable (with an index
value of ≥2). From Fig. 9, this seems to be caused by the divergence
between the stock of capital and the consumption of useful energy
for the Japanese economy. This seems to suggest that the Japanese
economy becomes less energy intensive and more labour intensive
from 1968 to 2000.



Fig. 13. Dynamics (with standard errors) of Japanese generalised production function distribution parameters μ (top row), s (middle row) and ν (bottom row).

Fig. 12. Japan GDP (see text for details). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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The middle row of Fig. 13 shows that as the stock of capital in
the Japan increases the economic volatility decreases while the
consumption of useful energy increases the economic volatility.
Labour exhibits a nonlinear relationship that seems to decrease
economic volatility while the labour increases (this effect starts
from 1933 onwards). For the Japanese economy this seems to be
the case because the time-profile of labour is much less erratic
compared with the time-profile of useful energy (see Fig. 9).

The bottom row of Fig. 13 graphically shows the overall effect of
capital and labour that reduces the probability of economic jumps
while increased levels of useful energy consumption increase the
probability of economic jumps. It is also noticeable that with the
increased stocks of capital (with an index value ≥200) the prob-
ability of economic jumps increases. This ‘reverse’ effect starts
from about 1933 onwards.
4.2.1. United states
Fig. 14 shows the observable GDP growth (solid black line), the

fitted GDP growth of the conventional production function of Eq.
(4) (dotted red line) and the fitted GDP growth of the proposed
generalised production function (dashed blue line) of Eq. (6). It is
clear that the generalised production function fits the data much
better – thus it better describes the dynamics of the US GDP
growth. Following from the above, we can argue that useful
energy is an important production factor. Having said that the
conventional production function of Eq. (4) fits the data reason-
ably well. This might explain why the conventional production
function was first proposed. However, for the UK and Japan the
inclusion of useful energy makes a significant difference.

Fig. 15 shows that capital, useful energy and labour have all
positive effects on the expected GDP (top row). This contracts the
relationships observed above for UK and Japan. On interpretation
for the different dynamics of the US economy is likely be to
attributed to the different degree of efficiency (in terms of capital
utilisation, consumption of useful energy and level of employ-
ment) of the US economy.

The middle row of Fig. 15 shows that the increased stock of
capital and level of consumption of useful energy in US decreases
the economic volatility in US with labour exhibiting the opposite
effect.

The bottom row of Fig. 15 graphically shows overall the effect of
capital and labour increases the probability of economic jumps
while increased levels of useful energy consumption decrease the
probability of economic jumps. The three production factors in US
have different dynamics compared with dynamics of the three
production factors in the UK and Japan. This might be the case
because of the structural differences between the two economies
as well as the different degrees of energy efficiency between US
and UK and Japan.



Fig. 14. United States GDP (see text for details). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 15. Dynamics of US generalised production function distribution parameters μ (top row), s (middle row) and ν (bottom row).
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5. Policy implications for the 21st century

Unlike the argument of neoclassical economists who consider
energy as a production factor of only marginal importance, the
work presented here provides strong empirical evidences of the
importance of energy (more specifically useful energy) to support
economic growth. Given the challenging outlook of fossil fuels, the
implications of unsustainable or over-realistic energy policies are
profound.

By way of an example, Fig. 16 shows one plausible scenario of
the world crude oil production (excluding oil shale, heavy oil,
extra-heavy oil, deep-water oil and polar oil). The dotted line
represents the equilibrium (supply equals demand), while the
‘points’ represent the simulated conventional oil production esti-
mated using the ACEGES model. It is clear from the 2-D density
that when the demand for crude oil (not total petroleum demand)
is below 88 million barrels per day, the market is well supplied
(there is spare capacity). However, as the demand for crude oil
becomes more than about 95 million barrels per day, crude oil
production from conventional resources will not meet the
demand. This means that enhanced production of unconventional
oil or a major sift in the transport sector (most of the demand for
oil is coming from the transport sector) is required in order to fill
the gap between supply and demand – assuming that we want to
avoid an unprecedented economic and social crisis during the 21st
century. Policies for investment decisions on oil exploration and
development are important because oil fuels are a vital part of the
economic activities, particularly long-distance transportation of
physical commodities and human capital.

Some might argue that gas will be a good substitute for oil to
fuel economic growth. This might be the case if there is a
significant change in the structure of the aggregate energy
demand of the transport sector (e.g., electric cars and gas-fuelled
cars). Clearly, gas can be an important energy carrier for industrial
processes and electricity generation. Thus, gas is likely to provide
useful energy to power (but not necessarily to fuel) economic
growth until at least the first half of the 21st century.

However, the plausible existence of adequate gas resources is
not enough. Timely investment plans need to be placed in order to
adequately supply the market. Thus, there is uncertainty with
respect to the upstream investment plans to extract gas at a rate
needed to meet the expected increased demand for gas. In our
view, investment plans that aim to increase the production
capacity of gas by about 5–15% per annum (not dissimilar with
the historic growth rates for oil production) is likely to be
sufficient to comfortably supply the gas market over the period



Fig. 16. An ACEGES-based scenario for conventional (low cost) oil (adopted from Voudouris et al., 2011).
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2015–2035. Following Stern (2012), this will imply a significantly
revised gas pricing ‘regime’ because the economic and market
fundamentals of the gas market of the 21st century will be
different compared with the economic and market fundamentals
of the gas market of the 20th century (where gas was treated as a
‘free’ commodity).

Despite the relative inattention to the problems of fossil fuel
resource depletion (particularly the relatively inexpensive oil), we
argue that it is important to continuously evaluate any foreseeable
collision between increasing consumption of useful energy and the
finite energy resources of the planet. Although technology and
market economics are likely to find solution to difficult problems
(with significant social cost when rapid adjustments are required),
the idea of the limits to growth because of declining ‘useful energy
return’ on ‘useful energy investment’ should be given proper
attention in policy agendas, assuming that energy policies aim is
to design energy systems capable of fuelling and powering a
prosperous 21st century.
6. Conclusions

As a way of addressing the economic growth enigma, we re-
examined the argument of the importance of useful energy by
employing the power of modern statistical techniques and meth-
ods. By examining the economic growth of UK, Japan and US
during the 20th century, we demonstrate quite conclusively non-
linear relationships between capital, labour and useful energy
with economic growth.

Without calling on sophisticated theorems of aggregation, we
postulate a generalised production function with three factors of
production, namely capital, labour and useful energy. Furthermore,
the proposed generalised production function also introduces the
modification that the coefficients of the three production factors
need not be constant over time. The use of flexible distributions to
capture the ‘unexplained rest’ of economic growth is also
proposed.

We argue that the empirical results presented in Section 4.2
confirm the economic intuition that growth since the industrial
revolution has been driven largely by the increased stock of capital
and the adequate supply of useful energy due to the discovery and
exploitation of relatively inexpensive fossil fuels. Thus energy
policies need to continuously explore the existence of plausible
signs of collision between increasing consumption of useful
energy and the finite energy resources of the planet.
We have also noted the relative association between capital
development and increased use of useful energy. Clearly, the
empirical evidence reported here needs to be ‘validated’ with
respect to additional countries and/or time periods. Having said
that Allen (2009) and Wrigley (2010) present broadly similar
conclusions with respect to the English industrial revolution. Thus,
history might provide a degree of policy recommendations for the
21st century given primarily the challenging outlook of ‘inexpen-
sive’ crude oil production. As we move forward, it is important to
look at the smooth transition of the energy system (plausibly with
gas and renewables as key energy carriers to power economies) in
order to:
�
 Provide adequate and affordable quantities of useful energy.

�
 Act as ‘technology incubators’ for a prosperous 21st century.

To conclude, the generalised production function of Eq. (3) is
more flexible compared with the conventional (parametric) pro-
duction function in several ways, but mainly in that it does not
assume a specific parametric functional form for the factors of
production, while providing better fits to the data than the
standard parametric production function. The ability to take into
account flexible parametric distributions with long tails – reflect-
ing the fact that improbable events can have large impacts – is
especially valuable, given that fluctuations from a central trend are
not really Gaussian random processes. Having said that the
practical significance of our results starts with the fact that useful
energy is an important factor of production. This means that future
economic growth presupposes the availability of increasing quan-
tities of useful energy. Hence, traditional computable general
equilibrium models make unwarranted assumptions e.g. that the
economy grows in equilibrium, and that growth is driven only by
the accumulation of capital per worker. If the latter were true, the
economy would continue to grow regardless of the cost of energy
or (more precisely) the declining ‘useful energy return’ on ‘useful
energy investment’. We also note that the proposed generalised
production function of Eq. (3) reduces to the Cobb–Douglas form –

additive in the logarithms – in the limit, whereas other forms, such
as the LINEX function of ratios of the variables, are possible. It
remains for future research to determine whether other (non-
additive) forms are preferable. From a policy perspective, the
major conclusion is quite simple that an increasing supply of
affordable useful energy is a precondition for continued growth.
Taking the climate change problem seriously, it means that extra-
ordinary efforts will be needed to increase the efficiency (e.g.,
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strengthened automobile fuel-efficiency standards), and to
increase the output of renewables and nuclear power safely, while
sustainably phasing out fossil fuels (particularly coal).
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